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1. Introduction 

Gauged WZNW theories provided first examples of string solutions wliicli depend 
non-trivially on a' . Tliis fact should have important implications in the context of estab- 
lishing closer relations between field theoretic (or a-model ) and conformal field theory 
approaches. The derivation of the exact metric G^^v and dilaton ^ corresponding to the 
SL{2, IR) /IR WZNW model was originally given [|l| in the operator approach which is based 
on interpreting the Hamiltonian Lq + Lq of the coset conformal field theory as a Klein- 
Gordon-type operator in a background. This approach was systematized for establishing 
the exact form of G^i^ and (f) in general G/H coset models in 000 p. 

As the group space backgrounds of WZNW models, the geometries associated with 
gauged WZNW theories in general have non-trivial antisymmetric tensor field S^^, (which 
is crucial for conformal invariance of the corresponding cr-models ). This was found in 
simple D = 3 and D = 4 examples in the leading order ('semiclassical') approximation 
[H 113 t)e able to study the exact properties of these geometries one needs to 
know the expression for Bf^i, to all orders in 1/k. 

The problem of establishing the exact form of the antisymmetric tensor background 
turns out to be quite non-trivial. The operator approach is not well-suited for derivation 
of the expression for S^,^ since the antisymmetric tensor does not appear in the zero mode 
part of the Lo-operator. In principle, one is to consider the Lq acting on states ijj of the 
first excited level and to try to deduce the value of -ff^j^A = 39[^i?;^A] by identifying Loifj 
with the 'anomalous dimension operator', i.e the derivative [dP"^ /d(f^)ip^ of the a-model 
Weyl anomaly coefficients parametrized by the values of G^,^, B^^,, (p at the conformal point 
0. This procedure looks rather indirect and complicated. Moreover, it may not work at 
all beyond the leading order in a' since the general functional expressions for the Weyl 
anomaly /9-functions are not known explicitly and so one is unable to deduce the exact 



^ There are of course examples of gauged WZNW models (based on non-abelian groups) with 



vanishing antisymmetric tensor in the leading order approximation [12| |13| |14]. 



expression for Bf^^{a') from the comparison of Lq with {8/3^ /d(f^)ip^ unless some extra 
considerations (e.g. implying that for some reason there should exist a scheme in which 
B^i, does not receive a'-corrections at all) are invoked. 

An alternative is provided by the effective action approach |]T^ |]5| which, in princi- 
ple, offers a direct derivation of the whole cr-model action (i.e., B^^, along with G^i,) at the 
field-theoretic level. The key point is to replace the classical gauged WZNW action I{g, A) 
by the quantum effective one r{g,A), solve for the 2d gauge field and identify the local 
second-derivative part of the result with the a-model action. It was proved in [|T5| ||16|| [l5| 
that the operator and effective action approaches give identical expressions for the metric 
and dilaton. As for the antisymmetric tensor, there is a subtlety in its derivation from the 
effective action. It turns out that the procedure of omitting the non-local terms in r{g, A) 
on the way to a a-model action a priori is not completely unambiguous in what concerns 
the resulting expression for B^^. Below we shall consider two natural prescriptions for the 
derivation of S^;^ that preserve the gauge invariance (present in the full non-local func- 
tional r((7. A)) at the level of the local part of the effective action. The gauge invariance 
is necessary in order to be able to reduce (gauge fix) the cr-model from the group manifold 
of G to G/iJ as a configuration space. According to the first prescription, B^^, in general 
depends on a' , while B^^^, computed using the second prescription remains semiclassical. 

We shall see that in certain cases (when the group G is simple and the if-part of the 
matrix Cab defining the adjoint representation of G is symmetric, or, equivalently, when 
dimif = 1) the exact expression for S^,^ found using the first prescription reduces to the 
semiclassical one (even though the metric and dilaton still depend on a'). For generic 
simple G and H the quantum corrections to B^^, start with the 'two-loop' 0(l//c^) terms. 
We shall present the derivation of the a-model action using the most general expression 
for the effective action r{g, A) which includes as particular cases the effective actions for 
the gauged WZNW model as well as for the bosonic [1^] and heterotic [|18[ (bosonic part 



of (1,0) supersymmetric) 'chiral gauged' [|T9[ WZNW models. 
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As was shown explicitly in the three-loop [ 20 ] and four- loop | approximation in the 



a-model perturbation theory, the exact D = 2 'black hole' metric-dilaton background of 
Ij^ is, in fact, a solution of the cr-model Weyl invariance conditions or the string effective 
equations. Below we shall conduct a similar check in the simplest possible case with a 
non-trivial B^,^: the three-dimensional [S'L(2,1R) x 1R]/1R ('charged black string') model 
10]. The exact metric and dilaton of this model were found in Q]. As for the antisymmetric 
tensor, its derivation turns out to be complicated by the fact that G is not simple here so 
that one needs to fix the total derivative ambiguity in the effective action in a specific way. 
The Weyl anomaly coefficients (/?- functions) or the corresponding string effective ac- 



tion are not unambiguous, i.e. are scheme (field redefinition) dependent [^||2^]||2^. The 
'two-loop' 0(a')-term in the string effective action depends on a number of free parame- 
ters which change under field redefinitions. We shall show that there exists such a scheme 
(i.e. a choice of the parameters) in which the exact 'black string' background is indeed a 
solution of the string equations in the two-loop approximation. We shall consider in detail 
several limits of the D = 3 geometry, in particular, the SL{2, IR) group space and the direct 
product of 5'L(2,1R)/1R model and IR ('neutral black string'). We shall discuss the role of 
the coupling constant redefinitions or scheme dependence in establishing a correspondence 
between the conformal field theory and a-model results. 



A particular limit of the [SL{2, IR) x 1R]/1R gauged WZNW model was shown [jT^ to 



be equivalent to the SL{2, IR) /IR chiral gauged WZNW model [|25| [0 |T|] .0 Our derivation 
of the exact form of the a-model couplings in the two models gives equivalent results not 
only for the metric and dilaton but also for the antisymmetric tensor. We shall thus check 
explicitly that the D = 3 a-model associated with the 5'L(2,IR)/1R chiral gauged model is 
also conformally invariant at the two-loop level. 



^ It can be shown in general []T8|| that for any abelian subgroup of a group G the G /H chiral 
gauged WZNW model is equivalent to a (G x H)/H gauged WZNW model in the axial gauging 
and special embedding of H into G x H. 



In Section 2 we shall find the general expressions for the exact backgrounds starting 
from the effective action for the gauged WZNW model. We shall consider two natural 
('corrected' and 'semiclassical') prescriptions for extracting the cr-model couplings which 
give different expressions for the antisymmetric tensor coupling. In Section 3 we shall 
repeat the derivation using a more general form of the effective action which includes as 
particular cases the effective actions of the gauged WZNW and chiral gauged WZNW 
models. The explicit formulae for the cr-model couplings in Sections 2 and 3 will be given 
in the case when the group G is simple and a gauged subgroup if is a vector one. 

In Section 4 we shall describe the D = ?> a-model originating from the [5'L(2,IR) x 
IR]/1R gauged WZNW model and show (in the a'^-approximation) that the corresponding 
exact background solves the conformal invariance equations /3* = in a proper scheme. 
Moreover, we shall find (in Section 5) that there exist a scheme in which the semiclassical 
limit of this background is also a solution of the 2-loop = - equations and will discuss 
implications of this fact. 

In Appendix A we shall prove that for a general model of Section 3 the 'measure 
factor' exp(— 2^) vdetG does not receive non-trivial quantum corrections. In Appendix 
B we shall discuss the derivation of the exact couplings in a theory with a non-simple 
group G - the [S'L(2,1R) x 1R]/IR model. We shall show how to resolve the ambiguity in 
the resulting expression for the antisymmetric tensor coupling in a way that turns out to 
be consistent with conformal invariance of the a-model. In Appendix C we shall give the 
expressions for some geometrical quantities used in the computations of Section 4. 

2. Exact (T-model corresponding to gauged WZNW model 

Let us start by recalling the basic steps one is to follow in order to derive the exact 
a-model action corresponding to a gauged WZNW or coset model. If one solves the 
classical equations for the 2d gauge field A, substitutes the solution back into the classical 
WZNW action S{g,A) ||2^ and fixes the gauge symmetry, one obtains a 'semiclassical' 
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cT-model with the configuration space G/H which (with the dilaton couphng included 
||27|| ) is conformaUy invariant in the one- loop approximation. To obtain a a-model which is 
conformally invariant to all orders in the loop expansion one needs (in a 'standard' scheme, 
see Section 5) to modify the a-model couplings by ct'-dependent terms. By definition of 
the model, the gauge field A is to be treated as an auxiliary field (for which one does not 
introduce a source term in the path integral) but it is not obvious how to integrate it out 
completely (while keeping the group variable g classical) in a way that preserves conformal 
invariance to all orders. An approach that preserves conformal invariance is based on first 
determining the quantum effective action T[g, A) for both g and A (i.e. treating g and A 
on an equal footing in the path integral) and then solving for A and eliminating it from the 
effective action. The resulting gauge invariant functional T' {g) (restricted to G/H) is to be 
identified with the quantum effective action of the corresponding a-model . That means 
that the local part of V{g) should be equal (after gauge fixing to G/H) to the classical 
action S{x) of the exact a-model one is looking for. It is clear that in deriving S{x) from 
T{g, A) one is free to ignore various non-local terms but at the same time one must be 
careful to preserve in the process the gauge invariance that makes possible to finally restrict 
(by the usual procedure of gauge fixing) the configuration space of the a-model to G/H. 
The classical action of a gauged WZNW model 



is invariant under the standard vector H-gauge transformations [A, A take values in the 
algebra of H) 

g^u"^gu, A^u-^{A-d)u, A^u~^{A-d)u , u = u{z,z) e H . (2.2) 

In this section we shall assume that the group G and the subgroup H are simple. 
Parametrizing A and A in terms of subgroup elements h, h E H which transform as 
h u~^h , h u~^h, 




(fz Tr [A dgg~^ - A g-^dg + g'^AgA - AA) , 



(2.1) 




A = dhh 



-1 



A = dhh'^ 



(2.3) 
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one can use the Polyakov-Wiegman identity to represent the action (2J.) in terms of 
the two WZNW actions corresponding to the group G and to the subgroup H, 

I{g,A) = I{~g)-I{h) , 

(2.4) 

g = h ^gh , h = h . 

The corresponding quantum effective action [15][16| has a simple form in terms of g, h 
(we ignore extra non-locahties introduced by field renormalizations because they give rise 
to non-local terms in the a-model, see ^) 

T{g, A) = {k + gG)I{h-'gh) -ik + gn)Iih-'h) = {k + go) [l{g^ A) - b 0(A)] , (2.5) 

where go, gn are the dual Coxeter numbers for the group G and the subgroup H respec- 
tively and b = fl{A) is the non-local gauge invariant functional of A, A, 

Q{A) = I{h-^h) = u{A) + u{A) + ^ J (fzTr (AA) , (2.6) 

where the non-local functionals uj{A) and CO {A) are defined as 

u:{A) ^ I{h~') = -1 1 d'z Tr {U^A + ^A] + 0{A^)} , 

u^(A) ^ m = -I I d'zTT{^-A^A-^-A[iA,iA] + 0{A')} . 



2.7) 



Before solving the equations for A and A, which follow from ( |2.5| ), let us first drop the 
non-local cubic and higher order in A, A terms in (|2.7| ). As explained above, the non-local 
terms should not contribute to the cr-model action which is our final goal. The truncated 
action has the form 

Ttr{g, A) = {k + go) [I{g, A) - b Ot,(A)] , (2.8) 

where 

ntr{A) = 1- j d^zTr {A-A){A-A) , (2.9) 



or 



QtAA) = 7^ / IV Fo^Fo , Fo = dA-dA 
2tt J do 

The fields i, A in (O) are defined by 



A = -A = Bhh-^ + . . . , 1 = -.A = a/i/i-^ + . . . , (2.10) 
o a 

and transform under tfie gauge transformations as 

A^u~^{A-d)u + ..., A^u-^CA-d)u + ... . (2.11) 

Here (and in similar equations below) dots stand for contributions of higher order non-local 
terms. Note that in (|2.6|) the Polyakov-Wiegmann formula was used, which presumes an 
integration by parts. In (|2.8| ) we have undone this integration by parts, thus restoring 
the manifestly gauge invariant form of the quantum term under the transformation of the 
gauge fields ( p.2| ) and ( |2.11|) . One may question whether the truncation of ( pT5| ) to (|2.8|) is 



legitimate since 0(A", A^) terms with ti, m > 3 in (|2.5|) are necessary for gauge invariance. 
In fact, ( pj.9| ) is invariant only under the 'abelian' part of the gauge transformations. The 
point, however, is that since the non-abelian gauge invariance is violated only by non- 
local terms (or, equivalently, is preserved up to non-local terms) it should be present in a 
consistently extracted local part of ( ^78|) . 

To proceed, let us first establish our notation. Ta = {Ta.Ti) are the generators of G; 
Ta are the generators of if ; A = 1, . . . , Dq; a = 1, . . . , Dh', z = 1, . . . , -D, D = Dq/h] rjAB 
is negative definite in the compact case, and 

A = A'^Ta , Cab= {Ta9Tb9~^) , IV {TaTb) = Vab , 

Ja = Tr [TAQ-^dg) = EAM{x)dx^' , = - Tr (TAdgg-^) = EAM{x)dx^ , 

Ja= (TAg-'Bg) = EAM{x)dx^ , = - Tr {TAdgg-^) = EAM{x)dx^ , 

Eam = —CabE^j , C^^Cbd = 5b , 0"% = r]^^CDB , 

/ ^ab \ p „ „5 „ „j 

(2.12) 



In the following we shall also usel 



A=(A"), J=(Ja), Mab = Cab-Vab, Nab = Mab ~ b Tjab ■ (2.13) 

Then the truncated action (p.8| ) takes the form 

Ttrig. A) = {k + gc) [1(9) + AI{g, A)] , 

If - - - 1 ~- - ~ (2-14) 

AI{g, A) = - (fz[-AJ-AJ + AM A - -6 (A - A){A - A)] . 

TX J 2 

Eliminating A, A from this action one finds a non-local expression which is bilinear in J, J 

AI{g) = -^ [ (fz [J{QN^Q"^N -hWQN^Q~^J -hQJ) 
Ztx J 

+J{Q-^NQN^ - b^)-\Q-^NQJ - bQ-^J)] , Q = - , Q-^ = ^ . (2.14') 

One is now to take a local part of the functional I{g) + AI{g) and identify it with the cr- 
model action. To determine the metric term in the resulting cr-model action it is sufficient 
just to set Q = 1 or to take the d = 1 limit of the action [|16|[^. As for the parity-odd 



(antisymmetric tensor) part in the a-model action its derivation is more subtle. It is not 
clear a priori how to extract the relevant local part of (2.14'). One natural suggestion 
TH]H is to replace QN'^Q"^ and Q~^NQ by A^'^ and and QJ and Q^^J by J and J. 



The resulting local action does not, however, have gauge invariance in its parity-odd part. 
As we shall show below, there exist a procedure of extracting a local part from (2.14') that 
not only preserves the abelian gauge invariance of (2.14), (2.14') but also restores the full 
non-abelian invariance which was present in the original action ( |2.5| ). The basic idea is to 
omit the non-local terms already at the level of the solution of the equations for A, A that 
follow from (2.14) and only then substitute the resulting local expressions for A, A and 
i,l into (2.14). 



^ Our present notation differ from the notation of ref. wliere A, A, J and E have the opposite 
signs. The correspondence with the notation of ref. [ p^ is the following: A- — A, A-^- — > 



The equations for A", A" we obtain from ( |2.14|) are 



-J + NA + h A = Q 



-J + N'^A + h A = 



[2A5) 



Let us note that ( |2.15| ) take the form of the exact equations that foUow from the fuU 
untruncated effective action ( p.5|) if one sets there (cf. eq. ( p.lOl )) A = dhh~^, A = dhh~^. 
Eqs. ( p.l5| ) imply 



-J + NA + b A + 







-J + N'A + bA + ...^0 



(2.16) 



[2A7) 



(2.18) 



Up to non-local terms the solution of (|2.15| ) and (|2.16| ) is (we shall use the star to denote 
the local part of the solution) 

A^ ^V"\NJ -bJ) , A^ = V-\N^ J - bJ) , 
A^ =V-\NJ -bJ) , A^ = V-\N^J -bJ) , 
where we have defined the matrices 

V = NN^ -b^I , V = N^N - b^I , 
V'^ = V , = V , V^^N'^ = N^V~^ . 

The local expressions in ( |2.17| ) have the correct Lorentz structure. Moreover, A^, A^ and 
A^, A^ transform properly (as gauge fields) under the non-ahelian gauge transformation 
of g. In fact, the gauge transformation g u^^gu induces the following transformations 
on the if-components of the currents and tensors 

J' = UJ- M'^e , J' = UJ - M'e , J' = UJ- M'^e , J = U~J - M'e , 
C' = C{g) = UC{g)U~^ , M' = UMU'^ , V = UVU'^ , V' = UVU'^ , 

e„ = Tr (TaU-^du) , e„ = TY (TaU-^Bu) . 

(2.19) 



Using ( 2.19 ) one can show that the fields in ( 2.17 ) transform as 



A' =UA,-e 



A' =UA,-e 



i'^ =UA,-e 
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A^ =UA,-e 



[2.20) 



i.e. as the gauge fields in (|2.2|), ( |2.11| ). Note also that 



Therefore, substituting (|2.17|) into ( p.l4|) we can eliminate the gauge fields in a way that 



preserves gauge mvariance. 

A natural question is whether the described procedure (which we shall call 'corrected' 
prescription) based on (|2.17| ) is a unique one preserving gauge invariance. In fact, it is 



not - there exists another similar prescription (which will be described at the end of this 
section and will be called 'semiclassical') in which the local part of the quantum correction 
(2.14') does not contain a parity-odd part and thus the expression for S^;^ is not modified. 
To see that the prescription using ( |2.17| ) is not unambiguous note that we have dropped 
non-local terms in the process of solving ( |2.15D (the last two relations in ( |2.17| ) imply also 
that we assume a specific prescription of separating out local terms in (2.14')). Eliminating 
A, A from the action (|2.5|), ( |2.14| ) one has to be careful about doing integrations by parts: 
total derivative terms of non-local structure may, in fact, contribute to the local part of the 
result (disregarding total derivative terms in the action does not commute with dropping 
out non-local terms after the insertion of the 'truncated' classical solution into the action). 
For example, let us consider the effect of adding a total derivative term 

-^ubiAA-AA) 

to the action (2.14) is an arbitrary parameter). Such a term will not change the 
equations of motion (2.15) but will produce a non-trivial contribution to the antisymmetric 
tensor coupling after the solution (2.17) is substituted back into the action (the expression 
for the metric will not change). It should be possible to modify the above term by other 
5f-dependent total derivative terms (which should compensate for the use of the Polyakov- 
Wiegmann relation in the process of representing the manifestly gauge invariant action 

10 



(2.5) in the standard 'AJ'-form (2.14)) in order to preserve the gauge invariance of the 
result. It turns out to be necessary to account for this ambiguity in the case of a non-simple 
group G (see Appendix B). For a simple G adding such terms seems unnatural since they 
change the coefficient of the AA-term in the local part of (2.14). 
Starting with (2.14), we find the following local action for g 

Vtr{9. A) = {k + go) [I{g) + A/((7, A,) + ..]= Vioc{g) + . . . , (2.21) 

wherd^ 

Tioc{g) = {k + gG){l{g) + ^ j (fz [-Aj - JA^ + b{A^A^ - A^A^)]} 

= (A; + gG){/((7) + 7^ [ (fz (J [-2V-^N^ + bV-\N^N^ ~b^I)V-^] J 
Ztc J 

- bJ V^\NN -b'^I)V^^J + bJ [V~^ +bV-\N - N^)V-^] J 
+ bJ [V-^ + bV~\N - N'^)V~^] J)} . 

(2.22) 

As follows from the above discussion, this action is invariant under the transformation 
g — s> u~^gu. Parametrizing g in terms of group coordinates (see ( |2.12|) ) we can represent 
( p.22|) as the following a-model with the group space G as a configuration space! 

S{x) = Tiocig) = [ d^z gMN{x)dx^'dx'' , a' = , (2.23) 

Txa' J k + gG 

where the metric is 

GmN = G{MN) = GqmN + 2(V'~"^A^^)a6-E'(M-^Ar) ^ ^(^~"^)a6-E'M-^Ar ~ ^i^'^) abElfE^^ , 

(2.24) 



4 



In the treatment of the general model in |16]||5[ gauge invariance was maintained only in the 



zero mode sector. As a result, the expression for the antisymmetric tensor we find below (2.25) is 
different from the one given in |16]||5|. The form of the truncated effective action used in p[ 



was different from ( |2.8| ) by the total derivative term (with /i = 1) and as a result a gauge- variant 
expression for the i^A/w-term was obtained after separation of the local part of the action. 

^ We assume that the coordinates x^'^ are rescaled by the overall 'radius' of the space so that 
a' is dimensionless. 
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and the antisymmetric tensor is 

Bmn =Q[mn] = BoMN + 2[V-'N^ - bV'\N^N^ - b^I)V-^]^^E^j,,E' 



- b'[V~\M - M^)V~']^^E^j^E%^ - b'[V-\M - M^)V~']^^E^^E' 



N] 

TP 

N] 



(2.25) 

Gqmn and Bqmn are the original WZNW (group space) couphngs, 

GoMN = VabE^E^ , 3d[KBoMN] = E^EfjE^fABC ■ (2.26) 

The expression for the dilaton coupUng follows from the (local part of) determinant of the 
(A, A) quadratic form in ( |2.14| ) 

(j) = (f)o - ^ In det V . (2.27) 



It is useful to rewrite the expressions ( f2.24| ), ( f2.25D separating quantum corrections from 
the semiclassical expressions 

Gmn = GoMN + 2M^^E^j^jE%^ , B^j^\ = Bqmn + 2M~^E^j^E\jt^ . (2.28) 

Namely, 

Gmn = G^l)^+2b{V-^M^M-^)abEl^,&N^-b{V-^)abEl,E\,-^^^ , (2.29) 

and 



Bmn =s£iv + [V-^M'^M-\M - M^)V-^]^^E^mE^j, 



N] 

- b'[V-'iM - M^)y-i]^^i?[Vi?jV] - b'[V-\M - M^)V-']^^E^,,E%^ 



(2.30) 

Thus the first quantum correction to the metric Gmn is one-loop (O(a')) and to Bmn - 
a two-loop (0(a'')) one. Let us note that the above expressions were derived in the case 
of the vector gauging of a simple group G. 

The a-model action ( |2.23| ) is gauge invariant as a consequence of the invariance of 
( p.22| ) (note that the semiclassical and quantum correction terms in ( p.22| ) and ( |2.23| ) 
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are separately gauge invariant). The general cr-model ( p.23 ) is invariant under the local 



transformation 6x^'^ = Z^^ {x)e°-{z, z) (e.g. induced by the gauge transformation g' — 
u~^gu with generators = + E^^) if the metric and the antisymmetric tensor 
satisfy the following constraint^ 

Z^OkGmn +GMKdNZ^ + GKNdMZ^ = , GmnZ^ = 0, HmnkZ^ = 0, (2.31) 

so that Z^^ should be the Killing vectors as well as the null vectors of the metric and the 
antisymmetric tensor field strength should have a zero projection on Z (cf. |]2^). These 
conditions are thus satisfied for the metric ( |2.24|) (see 0) and the antisymmetric tensor 
( p.25|) . The dilaton term is also invariant {(pig') = 4>{g) or Z^dM<P = 0) cis it is clear from 
{^), (|2Ti. 

One can now fix a gauge, e.g. by restricting the coordinates on G to coordinates 
x^ on G/H. This can be done by solving a gauge condition R^{x^^) = (s = 1, . . . , dimif, 
det (Z^OmR') ^ 0), i.e. x^ = a;^(x^) (^u = 1, . . . , dim(G'/if)) and OmR'O^x^ = 0. In 
particular, it is possible to choose such x^ that are invariant under the transformations of 
x^^, i.e Z^Omx^ = 0.0 If is a basis in the tangent space of G/H orthogonal (with 
respect to Gqmn) to the gauge symmetry generators Z^ then, in particular, we can choose 
dfj,x^ = = L'^^Uj^ so that the couplings of the resulting cr-model on G/H are given 
by 

G^. = GMNHjfH^ = g^jKHi , g^J = v^J - hV-'C%C\ , (2.32) 



^ Since we are deriving the constraints for the couphngs G, B (which transform only as functions 
of x) the variation of the action should vanish for arbitrary x and e. In the metric part of the 
variation one should equate to zero separately the 0(e) and 0{de) terms (integration by parts in 
0(de) terms induces ddx-teTms). 

^ Since the action ( |2.23| ) has gauge invariance it really depends on the dim{G / H) invariants 
(global coordinates) that one can build out of dimG group parameters x^' | |30| ]. Such choice has 
certain advantages over a generic procedure of gauge fixing. Fixing a gauge one usually restricts 
consideration to one patch of the entire space only, whereas choosing the G/H coordinates x'^ as 



group invariants one may determine their range of values by using group theoretic methods [30|. 
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B^. = BMNHffH^ = hjH;Hl , = bo^J - 62{y-i(M - M'^)y-i}„,C« , (2.33) 

Here H^^ — H}^dfj,x^ , with being a particular basis orthogonal to Z^'^ ^ 

H^m = E'm- M:,'C''EI, , (2.34) 

and boij is the projection of Bqmn- Using that 

Ca^{u) = , uT'u-^ = T^Cj\u) , a\u)Cjk{u) = 77,, , (2.35) 

one can show that under g — > u~^gu the 1-form W = H\jdx^ and the tensors (jij, hijk 
transform as 

W' = WCj\u) , 4- = CMu)gkiC'j{u) , /i^fc = h,pr.C'i,{u)CPjiu)C^k{u) . (2.36) 

As it is clear from ( |2.29| ), ( |2.3C1| ), in the case when Cab (and hence Mat and Nab) is 
symmetric the metric still receives 1/k - corrections while the antisymmetric tensor remains 
semiclassical 

Gmn = gS;v - b[MiM - m~abiE% - El,)iE% - E%) , Bmn = B^^\ . (2.37) 

It is possible to prove that the matrix Cab is symmetric only when the subgroup H is 
abelian with dimi? = 1. Expanding the group element g = exp(X"^T4) around the 
identity one can compute the expansion of Cab in ( f2.12| ) to X'^-order. Demanding that 
the 0{X) term is symmetric we obtain the condition fabc^^ = 0. For this to be true for 
all X'^ the structure constants fab'^ of the subgroup H should vanish so that H should be 
abelian. Assuming that H is abelian we find an additional condition from the 0{X^) term: 
X'fai^ Tr [ TjTj,{XcT^f ] - (a ^ 6) = 0. This condition can be satisfied for all X's only 
if dimi7 = 1. One can also see this explicitly using the general form of the expansion of 
Cab in normal coordinates X^ near the unit element of the group (see e.g. [ pT| ) 
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C% = {e-f)^ = il-f + lf~lf + .. . (2.39) 

Imposing the symmetry condition on the 0{X) and 0{X^) terms in Cab one concludes 
that dimif = 1. 

In the case of a simple group G considered in this section the condition that Cab should 
be symmetric or that dimif = 1 is a sufficient one in order for the quantum corrections 
in (|2.30|) to be absent. The matrix Cab is not symmetric in a generic case of abelian or 
non-abelian H. 

The situation is different when G is not simple. The general expressions for the 
effective action ( p.5| ), (|2.22| ) and hence for the a-model couplings in ( |2.23[ ) become more 
complicated but can be worked out by taking into account that the renormalizations of 
the levels k may be different for different simple factors in G. It turns out also to be 
necessary to fix the 'total derivative' ambiguity in the derivation of the expression for 
the antisymmetric tensor in a particular way, consistent with conformal invariance of the 
resulting cr-model . One of the consequences is that the antisymmetric tensor (computed 
according to our first prescription based on ( p.l7|) ) may contain quantum corrections even 
when dim H = 1. An example of such model will be discussed in Section 4 and Appendix 
B. Another example is provided by the SO{2, 2)/SO{2, 1) model (with non-symmetric Cab 
||16|| and vanishing semiclassical -B^^, [jll| [|12| ) for which we have numerically checked (in 
a certain gauge) that the quantum correction to the antisymmetric tensor is also vanishing 
(the 0{EE) term in ( |2.30| ) vanishes by itself while the contributions of the 0{EE) and 
0{EE) terms cancel each other). The matrix Cab is non-symmetric also in the case of the 
D = 4 model (5L(2,1R) x SU{2)/M x U{1)) considered in but here it appears 

that the antisymmetric tensor receives non-trivial corrections to all orders in 1/k. 

Let us now describe another natural prescription of separating a local gauge-invariant 
part of the quantum term in the effective action (2.14') under which B^i, does not receive 
a'-corrections. Suppose that one has managed to truncate (2.14') in such a way that 
the resulting local part (quantum contributions to it) is 2d parity-even (invariant under 
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z ^ z, z ^ z), i.e. does not contain any a'-corrections to the antisymmetric tensor 
part. That would mean that the resulting metric is still given by (2.24) but S^jy remains 
semiclassical as in (2.28) (however, with overall coefficient (/c + gc))- The corresponding a- 
model is obviously gauge invariant since the semiclassical part of (2.14) is gauge inavriant 
by itself and the parity-even and parity-odd parts of (2.14) should be gauge invariant 
separately (the gauge transformations (2.19), (2.20) do not mix parity-odd and parity- 
even sectors). 

An indication that such a result may be considered as a natural one comes from 
the structure of the quantum term in the truncated effective action (2.8). This term is 
manifestly parity-even, suggesting that there should be no correction to the parity-odd part 
of the (j-model that is obtained after solving for A, A. The fact that the quantum term 
(truncated to 0{A'^) part) in the effective action (2.8) is parity-even may be considered as a 
basic 'principle' behind this prescription. This may be in turn related to the fact that from 
the point of view of the operator conformal field theory approach it is the Hamiltonian but 
not the current algebra (which is sensitive to a definition of currents and thus to the form 
of -B^i/) that receives 1/k corrections. 

It is easy indeed to give a simple prescription for solving for A, A (up to non-local 
terms) in (2.8) that does not generate parity-odd quantum terms in the cr-model action 
and thus corroborates this suggestion. It is useful to separate the classical term Acm in 
the solution for Am from the quantum one Aqm = 0{b) (see (2.14)) 



A = Ac + A, 



q 1 



A = Ac + A, 



M-^J , Ac = 



(2.40) 



Then (2.14) takes the folowing form (cf.(2.22)) 




[Ag-Ag + M-\j-J)][Aq-Aq + M-\j-J)]) , 



(2.41) 
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where /c is the semiclassical term 

h{g) = I{g) -\ j d'z JM~^J . (2.42) 

In (2.41) we have aheady dropped some non-local terms by using the rule (similar to that 
used in ( |2.17| )): in substituting the classical fields into the quantum term in (2.14) 

we replaced A^ = |(M-V) by M'^ J and A^ = ^{M-^J) by M'^J (see (2. 10), (2. 12)). 
The second part of our prescription is to maintain the parity-even structure of the quantum 
part of (2.41) by symmetrising the AqM Aq-term, 

AqMAq ^ ^{AqMAq+AqMAq) . (2.43) 

This is equivalent to dropping the term ^(AqMAg — AqMAq) which is a total derivative 
up to non-local terms depending on derivatives of M (cf. a discussion above eq.(2.21)). 
The resulting expression for the quantum term Ttrig^Aq) — {k + gQ)Ic{g) is parity-even 
(and gauge-inavriant). After one solves for Aq, Aq one finds, therefore, a a-model with no 
quantum correction to the antisymmetric tensor term, i.e. with the metric and dilaton 
given by (2.24) and (2.27) and the semiclassical antisymmetric tensor (2.28). It should be 
kept in mind of course that it is still the shifted level k + gQ that appears in front of the 
semiclassical S^i^ in the a-model action. 

As we shall check below on the example of a D = 3 gauged WZNW model (see 
Sections 4, 5 and Appendix B) both backgrounds derived according to the two ('corrected' 
and 'semiclassical') prescriptions for Bf^i, described in this section are solutions of the 
cr-model conformal invariance conditions in the two-loop approximation. 



3. Exact cT-models corresponding to bosonic and heterotic chiral gauged 
WZNW models 

Using the equivalence of the (1,1) supersymmetric gauged WZNW models with the 
= 1 superconformal coset models it was shown in 0|]21[] that the expressions for the 
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bosonic background fields remain semiclassical. The (local part of) the efi'ective action of 
the (1,1) supersymmetric gauged WZNW model is also given just by the classical gauged 
WZNW action itself 0. The (1,0) supersymmetric gauged WZNW model (obtained by 



truncation of the (1,1) supersymmetric one) is anomalous [32], i.e. is not well defined at 
the quantum level. 

In addition to the bosonic gauged WZNW model there exist also two other similar 
non-trivial models with corresponding a-models containing non-zero quantum correction 
terms (but with configuration space G instead of G/H one). They are based on the 'chiral 
gauged' WZNW model [1^], i.e. are bosonic [^|T^ and heterotic ((1,0) supersymmetric) 



Pq] chiral gauged WZNW theories. The classical action of the chiral gauged WZNW model 
is obtained by dropping out the A A term in the action of the gauged WZNW model ( |2.1|) . 
It reads [| |l|] 

Ich = I{9) + l j d'^zT, {Adgg-^-Ag-^dg + g-^AgA) . (3.1) 

This action is no longer invariant under the true gauge transformations (^]^) but is still 
invariant under the 'chiral' gauge transformations g u^^{z)gu{z) with holomorphic 
and antiholomorphic parameters. Since the 'chiral' gauge transformations do not actually 
eliminate dynamical degrees of freedom (it is more appropriate to consider them as an 
infinite set of global transformations as in the standard WZNW model case [Q) the 
configuration space of the a-model one obtains upon elimination of the vector gauge field 
from the action is the group space G and not G/H. Though the gauged and chiral gauged 
WZNW models are closely related before one integrates out the vector fields, the associated 
(T-models are, in general, different [|T^ (with the exception of the case when H is abelian, 
when the chiral gauged WZNW model is actually equivalent to a specific class of axially 
gauged G x H/H WZNW models [0). 

Like the classical action, the effective action of the chiral gauged WZNW model can be 
obtained from the effective action of the gauged WZNW model ( |2.5| ) by omitting the local 
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counterterm A A |T7]. This is easy to understand by noting that in the parametrization 
( pT3|) the action reduces to a combination of WZNW actions (cf. ( p.4|) ) 



I,h{9, A) = I{h-^gh) - I{h-^) - I{h) . (3.2) 

The corresponding quantum effective action is then [l^] (cf. 

T,h{g, A) = {k + gG)Iih~'gh) -{k + gn) [Hh-') + /(/i)] 
= {k + gG){lch{9.A) - b[ujiA)+u;{A)]) , 



(3.3) 



where b = — ^ji^^ and uj{A) and uj{A) are the same non-local functionals of A, A defined 
in (^. 

The classical action of the (1,0) supersymmetric chiral gauged model is obtained by 
replacing the fields in (|3.1|) or ( ^7^ ) by (1,0) superfields [l^. The bosonic part of the action 



is still given by ( |3.1j ) but the fermionic contribution changes the structure of the effective 
action: as in the (1,1) supersymmetric case [H there is no quantum shift of the level k and 



also there is no A-dependent term in the quantum part of the effective action []I8|. The 
bosonic part of the resulting effective action is thus given by [|l8l (cf. (^73|)) 



Ti];'\g,A) = k[Ui9,A) - b LoiA)] , (3.4) 
where b = — ■r(gG — gn)- To find the corresponding a-models one needs to eliminate A, A 



from (|3.3| ), (|3.4| ). It is instructive to do this by starting with the most general ansatz for 
the effective action which formally includes all the cases of the gauged and chiral gauged 
WZNW models mentioned above (cf. (HJ), (U), (gj)): 



tig,A)= K{l{g) + - [ d'' z Tr [A Bgg-^ - A g-^ dg + g-^Ag A + {a -1)AA] 

^ J (3.5) 

- buj{A) - bLD{A)} , 
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where the values of the constants k, a, b, b are 

gauged WZNW: k = k + go , a = -b , 6 = 6 = --(gc - gn) , 

K 

(1, 1) susy gauged WZNW : k = k , a = b = b = , 

chiral gauged WZNW : K = /c + gG, a = l, b = b = (gc — gn) , 

(1, 1) susy chiral gauged WZNW : k = k , a = l, 6 = 6 = 0, 

(1, 0) susy chiral gauged WZNW : K = k , a = l, b = — — (gc — gn) , 6 = 0. 

(3.6) 

In this section we shall use the same notation as in (|2.12|) , ( |2.13| ) and ( p.l8|) with the 



exception that the matrices A^, V and V are now defined as 

Nab = Mab + ar^ah = Cab + {a-l)Vah. V = NN'^-bbI, V = N^N-bbI. (3.7) 
Truncating the functionals uj{A), u}{A) in (|3.5|) to quadratic terms as in ( |2.8| ) we obtain 



(cf. (1^1)) 



ttr{g.A) = K[l{g) + AI{g,A)] , 

1 r - - - 1 ~ 1- -~- (3-8) 

AI{g, A) = - £z (- AJ - AJ + ANA + -b AA+ -b AA) , 
IT J 2 2 



where A and A were defined in ( |2.10D . Eliminating A, A we get again the non-local ex- 
pression similar to (2.14'), 

A/(^) = -^ [ (fz \J{N^Q~^N -bbQ~^y\N^Q~^J-bJ) 
2n J 

+J{NQN'^ -bbQy\NQJ -bJ)] . (3.8') 

Note that in the case of the gauged WZNW model with the values of the parameters given 
by the first line in (|3.6| ) the action ( |3.8|) differs from ( |2.14| ) by a total derivative term. Since 
in the case of an arbitrary a we do not have, in general, an extra symmetry analogous to 
the gauge invariance, we are lacking the principle we used in the previous section in the 
process of extracting the local part of the effective action. One possibility is that the 
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resulting ambiguity in the expression for the i?MAr-term should be fixed in each particular 
case. For example, one may expect that there should be no extra total derivative term in 
(3.8) in the chiral gauged WZNW model case where the form of the effective action (3.3) is 
fixed by the condition of conformal invariance (the action is expressed in terms of WZNW 
actions) . 

On the other hand, one can try again to interpret the parity-even nature of the quan- 
tum term in (3.8) as implying that the antisymmetric tensor should retain its semiclassical 
form, i.e. to adopt the 'semiclassical' prescription described at the end of the previous 
section. In what follows we shall first consider the 'corrected' prescription. 

The equations for the gauge fields A", A" that follow from ( p.8| ) 



-J + NA + bA = 0, -J + N^A + bA = 0, (3.9) 

imply also 

-J + NA + b A + ...^0 , -J + N^A + bA + ...^0. (3.10) 

The local parts of the corresponding solutions are 

A^ =V''\NJ -fj) , A^ = V-\N^ J - bJ) , 

(3.11) 

A^ =V-\NJ -bJ) , A^ = V-\N^J -bJ) . 

If we substitute these solutions into the action ( ^.8) ) and again ignore the non-local terms 
we obtain the following expression for the local part of the effective action 

Tiocig) = «{/(^7) + ^ j (fz {-AJ- A,J) ] 



. r (3.12) 

= K {1(g) + — d^z {-2JV-^N^J + b JV'^J + b JV~^J) } . 

2,7V J 

This is the expression one finds by dropping out the non-local terms in the expression 
(3.8') in the most straightforward way. 
The resulting a-model 

S{x) = tiocig) = I (fz gMNix)dx^dx^ , a' = - , (3.13) 

Tva J K 
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has a metric which is very similar to the one in ( |2.24| ), 

Gmn = Q{MN) = Gqmn + '^{^'^ ^'^) abE'^M^%) ~ H^~^)abE1jE'}^ — b{V~^)abEljE'^ , 

(3.14) 

while the antisymmetric tensor is given by (cf. ( |2.25| ), ( |2.30|) ) 

Bmn = Q[MN] = Bqmn + 2(F ^N'^)abE^j^E'^j . (3.15) 

The dilaton is given by ( p.27|) , but now with the definition ( p.7|) for the matrix V. In 
general, there is no residual gauge invariance so that this model has the group space G as 
a configuration space. In the case of the gauged WZNW model the above expressions were 
given in |]T^0. Notice that the corresponding expression for the antisymmetric tensor 



( p.l5|) is different from the result (|2.25|) , ( p.30|) we have found in the previous section (in 
particular, the quantum term in (|3.15| ) is 0(l//c), not 0(1/A;^) as in ( |2.30| )). In Section 



2 we have extracted the local part of the effective action in a way that preserved gauge 
invariance (which is present in the original non-local effective action (|3.5| ) in the special 
case of the gauged WZNW model). This gauge invariance is missing in the local part of 
the effective action (|3.12|) , (|3.13|) as we obtained it above, but is present in (|2.22|) , (|2.23| ). 

The expressions for the cr-model couplings in the case of the bosonic chiral gauged 
WZNW model (third line in ( p.6| )) were already found in |]T^ (they are given by ( |3.14| ), 
( p.l5|) and ( p.27|) with N = C and b = b, see (|3.6|) ). In Section 4 we shall check (in the 
2-loop approximation) the conformal invariance of the cr-model corresponding to the chiral 
gauged ^L(2,IR)/1R WZNW model. 



The heterotic case (fifth line in (|3.6| )) was treated in [|T^ with the result 



Gmn — G^^jjy - b[{C'^C) ^]abE%jE\j , G*^^^^ — Gqmn + 2C^^^£'(\^£'^) , 

Bmn = -^MTv = Bqmn + '^G^^^E^j^E'^-^ , (3.16) 

(P = = (/,o - - In det C . 
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It is quite remarkable that in this case the antisymmetric tensor and the dilaton retain 
their semiclassical values while the metric receives just one 1/k correction. 

For all the models defined in ( ^.61 ) one can prove the following theorem (see Appendix 

A)i 

g-2<^y/ det Gmn = K\/ det Gqmn = i^(Haar measure factor for G) , (3-17) 

where i^T is a constant /c-dependent factor given in (A. 4) (in the degenerate case of the 
gauged WZNW model one should fix a gauge and include the Faddeev-Popov ghost de- 
terminant making the right hand side of ( p.l7| ) equal to the invariant measure factor on 
G/H). In view of the relation of the expression for the dilaton ( |2.27| ) to the determinant 
of the matrix in the O(A^) term in the effective action one can also interpret ( |3.17[ ) in 
the following way: the quadratically divergent part of the determinant ||3^[^ resulting 



from integration over the gauge fields combines with the Haar measure for the group G to 



give the correct measure VTeFGMjv for the a-model ( p.l3| ) [p!5| (the finite part of this 
determinant produces the dilaton term 



In the case of the abelian subgroup H we have shown that the G/H chiral gauged 
WZNW model is equivalent to the axially gauged {G x H)/H WZNW model (with a 
special embedding of the subgroup H into the group G x H). Given that chiral gauged 
WZNW model must obviously be conformally invariant, one should fix the ambiguity in 
the procedure of extracting of a local part of the effective action of the corresponding 
axially gauged (G x H) / H WZNW model in such a way that to make it identical to that 
in the case of the chiral gauged model. This will be discussed on the example of the 
5'L(2, IR) X IR/IR model in Appendix B. The conformal invariance of the resulting cr-model 
will be demonstrated in Section 4. 



This relation was conjectured in |34| for the abelian SL(2, IR)/]R coset case and in [12| where 
it was formulated in a general form for any gauged WZW model. Subsequently, its validity was 
explicitly checked for many abelian and non-abelian cases [0P][H]H ^i^d proved in general for 



any gauged WZNW model and for any chiral gauged WZNW model [17|. 
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If one uses the 'semiclassical' prescription for extracting the a-model couphng from 
(3.5) one finds the same exact metric (3.14) but the semiclassical antisymmetric tensor. For 
example, for the chiral gauged WZNW model the corresponding semiclassical Bmn given 
by (3.16). This result is in agreement with the above mentioned relation between chiral 
gauged and gauged WZNW models (assuming that the same 'semiclassical' prescription is 
used for both classes of models). 



4. D = 3 cr-model corresponding to [5'L(2,1R) x 1R]/1R gauged WZNW model: 
conformal invariance at two loops 

The aim of this section is to provide a non-trivial check that the exact cr-models of 
the type discussed in the previous sections are actually conformally invariant beyond the 
semiclassical (one-loop) approximation, i.e. that the exact expressions for the background 
fields Gfj,i,, B^j,, (f) solve the string effective equations beyond the leading a'-approximation. 



Such a check was already done ||2^ [^T| for the simplest exact D = 2 a-model corresponding 
to the gauged 5'L(2,1R)/1R WZNW model 0. However, this D = 2 model has trivial 
antisymmetric tensor background. In view of the subtleties associated with the derivation 
of the exact expression for S^;^ (see Appendix B) it is important to confirm that the exact 
backgrounds with S^,^ 7^ do actually solve the cr-model conformal invariance conditions. 

4.1. Description of the model 

The simplest model with a non-trivial antisymmetric tensor coupling is the D = 3 
'charged black string' a-model associated with the [SL{2, JR) xlR]/lR gauged WZNW model 
0. The exact expression for its metric, dilaton and the non- vanishing component of 
the antisymmetric tensor (B.17) can be represented in the form 

ds^ = TT^^^' + -dx^ + Tf Tv V ' (4-1) 

z + b z 4{z — q — l)[z — q) 

<P = <Po-\ln [z{z + b)] , (4.2) 
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B,, = -Mi±i±!^)l!^![i±i-i4] , (4.3) 

where 

q = qQ{l + h), «' = -, -^{cg-Ch) = - = 2a' , (4.4) 

and qq is a free parameter related to the coefficient which determines the embedding of the 
subgroup IR into S'L(2,IR) x IR. We discuss the derivation of (4.1)-(4.3) in Appendix B. 
Eq.(4.3) is found if one uses the 'corrected' prescription of Section 2 and fixes an ambiguity 
in the expression for Btx in a particular way. In case one adopts the 'semi classical' pre- 
scription (see (2. 41), (2. 43)) instead of (4.3) one finds the following expression (see (B.17')) 

{l + b)[il + b)z-bq]- 

In (B.15) we explain the relation of the coordinates z,x,t to the 'classical' group space 
coordinates.i Because of the coordinates (and the definition of q) used the 'semiclassical' 
expression (4.3') still contains 0{b) corrections. It is easy to see that the two alternative 
expressions (4.3) and (4.3') coincide to the order 0(6^) and thus cannot be distinguished at 
the two-loop order, i.e. if the background (4.1)-(4.3) is conformal invariant, the background 
(4.1), (4. 2), (4. 3') is conformal invariant as well. 

As was shown in [|T5[, the axially gauged [5'L(2,IR) x IR]/IR WZNW model with the 



embedding parameter go = — | is equivalent to the 5'L(2,IR)/1R chiral gauged WZNW 
model. According to ( |3.14|) , (|2.27[) the a-model corresponding to the latter theory has the 
same metric and dilaton as in (4.1), (4.2) fl^ with q now fixed to be 



^ In the notation of this Section the metric (and the antisymmetric tensor) or a' are rescaled by 
a factor of 2 as compared to the previous Sections 2 and 3 (cf.(2.23)). Note also that the relation 
of our present notation to the notation used in is: 6 = A = 2/k' , z = {\ + l)r — A go = 

, k' = K. 
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I.e. 



z + b z A[z-{l-b)/2][z+{l + b)/2] ' 

(4.6) 

The antisymmetric tensor (given by (3.15)) ||17|| E^ 

B!f> = ^i^(i + ^), (4.7) 

is equal to (4.3) with q = q'^^^\ 

B^q = q^^'^^) = B^^ . (4.8) 

In addition to the special case of q = q^''^\ the [5L(2,IR) x IR]/1R model has two other 
obvious limits: SL{2, M) group space and the direct product [SL(2, IR) /M] x IR (or 'neutral 
black string'). The two limiting a-models are already known to be conformally invariant 
so it is useful to keep them in mind while analyzing conformal invariance of the general 
background (4.1)-(4.3). The first limit corresponds to q^ = q = oo and the second - to 
= <? = (see also Appendix B). Introducing the new coordinates t', x', z' according to 

t = , X = ^Jqx , z = z ^ qAr\ , (4.9) 

and taking the limit q oo [z/q 1) one finds 

, ,2 

ds^ = -z'dt'^ + {z' + l)c/x'' + , (4.10) 

Bfx' = z' , Hfx'z' = 1 , </> = const , (4.11) 

where in S^^, we have dropped out an infinite constant (this would be unnecessary if 
we have kept a constant term in the derivation of (B.9) from (B.6)). This background 



The imaginary unit i in (4.7) can be absorbed into a rescaling of a; or t which will change 
the corresponding sign in the metric, i.e. will change the signature from ( h +) to ( h) or 
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corresponds to the 5'L(2,]R) WZNW model. An equivalent model is found using the 
following generalization of the transformation (4.9) (the case of n = 1/2 was discussed in 
0): t = q{i-n)/2^, ^ ^ ^ ^(i-n)/2^/ ^ ^ ^ ^ny + Q + 1 . Then assuming that < n < 1 

and taking the limit g ^ oo we get instead of (4.10) ds^ = —z'{dt''^ — dx'"^) + dz'"^ /Az'"^ . 
The g ^ ( ^ 0) limit of (4.1)-(4.3) has the form 

z — 1 dz"^ 1 

ds" = —dt' + dx'' + — -, (/) = (/)o - - In [2(2 + 6)] , = 0, (4.12) 

z + 4:Z[z — 1) 4 

that represents the direct product of the exact 'black hole' background |l[] and the x-line. 
Let us note also that the large z asymptotics of the background (4.1)-(4.3) (or of (4.12)) 
is described by the flat space and linear dilaton 

ds^ = -dt^ + dx^ + dy'^ , = - y , B^„ = , z = e^^ . (4.13) 

4-2. Two-loop string effective action and field redefinitions 

The general strategy of a proof that a background 99* = (G^jy, B^j,, cj)) solves (in the 
two-loop or a'^ approximation) the a-model conformal invariance conditions = is the 
following. One should expand the background fields in a' 

ip' = ip\ + a'ipl + ... , (4.14) 

and first check that the equations 

are satisfied to the leading order in ct', i.e. in the one-loop approximation, ^{{(pi) = 0. 
Then one needs to find the most general form of the two-loop /3\ e.g. by starting with the 
/3*-functions computed in a particular scheme and making the most general local redefini- 
tion of couplings. The resulting (3^ will be parametrized by a number of free parameters 
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dr- The problem is then to show that there exists such a 'scheme', i.e. a choice of the 
parameters d^., that the equations (3^ — are satisfied at the next order, i.e. 

{^{^iW2 + Pl{^i) = 0. (4.15) 

If ((/:') is a basis in the set of all possible covariant terms with the tensor structure of 
99* constructed out of two derivatives of then the general coupling redefinition 

^^' + a'dr^''' + . . . 

induces the following change in the two-loop term in /3* 

i.e. eq.(4.15) changes to 

[^{ipiW2 + dr^^^{^,)]+-^^{ip,) = . (4.16) 

Therefore, we can ignore such field redefinitions that vanish on the solution of the leading 
order equations. 

Equivalent approach is to start with the effective action that generates /9*-functions, 
make the general field redefinition there and then take the variational derivatives .0 There 
exists a simple scheme in which the order ct'^ effective action has the form ||24|| E1 

^ 2 



S = J d^x^/Ge-^^p"^ = j d^x^e-^'^{^{D-C)-^a'[R+4D''(f>-4{df,(l))''-^H 



If the effective action is known (e.g. is determined from the string S-matrix) then one can 
by-pass the problem of computing independently the 'diffeomorphism' vector Wfj, that appears 



in the Weyl anomaly coefficients [p7|. Let us use this occasion to correct a confusion in [24 



concerning the two- loop value of W^. Since the standard /3-function is computed only modulo the 



diffeomorphism terms, eq.(5.35) of |24] should depend on the scheme parameters pi,p2,/i only 
through the two combinations: p'l = pi — \fi, P2 (the derivative pi-term in (5.35) should have 
coefficient pi — jfi). Then the correct expression for in the scheme Pi = P2 = (see the 
discussion after eq. (6.7) in H) should be W^, = \D^{HI^) - ^D^^H^. 
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More general actions related to (4.17) by field redefinitions are discussed in p8|| ||3g|] [|40 1 . 
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(4.17) 

where H^^x = 3d[^Bj^x] and C is the total central charge (we shall ignore the trivial part 
Co = 26 of C). The corresponding leading-order equations are linear combinations of 

P^. = Ri^u - \h^c.pH,"^ + 2D^D,cl) = , (4.18) 

= -^DxH^^, + H\,dx4> = , (4.19) 

B^ = \{D-C)+ a'[-\D^<l> + (a<^)2 - lifl^J = . (4.20) 

They are corrected by ct'-terms which contain a number of free parameters corresponding 
to the most general local field redefinition ||24|| lli 

^'^.v — G/j-f + Oi , S^i, = T^i, + G^^X , (4-21) 

= diR^, + d2d^(j)d,^ + d:iH^^pHJ'f^ , X = d^R + d^Hl^,^d^D^(j) + dj{d(j)f , (4.22) 

= B^, + a'K^, , K^, = dsDxH\^ + d^dxcjiH^^ , (4.23) 

= + a'y , Y = dioR + diiHl^, + di2D^cP + d^d^l^f ■ (4-24) 

In view of the observation that we can use the leading-order equations (4.18)-(4.20) to 
simplify the field redefinition terms, the number of free parameters reduces to 10. Moreover, 
in the case of our interest the target space dimension is D = 3 so that 

H^„x = Ht^„x , H"^,, = Hfj^ctpH^^ — 2H'^G^i, , H\^^ = 6if^ , (4.25) 

where e^^x is the totally antisymmetric tensor and the metric is assumed to have euclidean 
signature. We have also 

^^lv\K — ^^pv - n , K"^ H^l'tL^Xp — ^^-n , 

We ignore the term Df^D^cf) since it can be eliminated by a coordinate transformation, 
5x^ = doa'D^cf) , SG^u = 2doa' D^D,^(f) (the equations we shall study are covariant so that 
one combination of the parameters will not be present in the variation). 
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As a result, the relevant field redefinitions are given by (4.21)-(4.23) with 

Tf,, = ciR^^ + C2d^,(t>dy(t) , X = C3H^ + c^R + C5 , (4.26) 
i^M- = cee^^xD^H , Y = cjH'' + c^R + cg . (4.27) 

The constant terms in X and Y appear as a consequence of the elimination of the [dcj))'^ 
terms using (4.20). We can set ci = (in view of (4.18)-(4.20) and the previous footnote 
ci can be absorbed into C3, ce, 07,08,09) and cg = (our equations will depend on (j) only 
through its derivatives). We are thus left with 7 free parameters C2, . . . , cg. 

To simplify the analysis, we shall consider only the following 3 scalar equations (this 
turns out to be sufficient in order to prove that our background is a solution): the trace of 
the metric /3-equation, the equation for the antisymmetric tensor (in I? = 3 it is equivalent 
to a scalar equation) and the equation for the dilaton. These equations have the following 
form in the scheme in which the effective action is given by (4.17) (we make use of 
D = 3, (4.25) and (4.18)-(4.20)) 

-pG = R_^H^^2D^^+]^^\R%^,-mH^+^-H^+h{D^Hf-]^D^H^]+a'Q = , (4.28) 

/^^A<^ = -e^"^ d^{e-''^[H + ^a'i2RH + 5H^) + a'F]} = , (4.29) 

P"^ =P'^- = -{D-C)- \a' \R + 4D^(P - 4{d(P)^ - -H^ 
4 6 4 2 

+ ^«'(^J.A. - RH^ - \h^) + = • (4.30) 

The terms Q,-F and P (that vanish in the scheme of (4.17)) are included to indicate 
corrections which will appear once a general field redefinition (4.21)-(4.24),(4.26),(4.27) is 
performed in the leading-order terms (we use again (4.18)-(4.20)) 

Q = D^D^S^'' - D^S + H^S - 2D^S'"'d^(p + d^Sd^(p + 2D^Y - ^cqHD^H , (4.31) 

F = --SH -2YH + cqD'^H , S = Sli = T + 3X, (4.32) 

P = D^D^S^" + S^''i-2D^D,(P + 4d^<pd,<P) - 4D^S^^d^<P + 2d''Sd^<P 

+4D^Y - 8d''Ydf,(l) - cqHD^H . (4.33) 
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4-3. Solution of two-loop conformal invariance conditions 

Let us now compute various terms in (4.28)-(4.33) in the special case of (4.1)-(4.3), 
expanding the leading 0{a') terms to the first power in a' or b. The necessary geometrical 
quantities and their expansions in powers of b are given in Appendix C. Since q in (4.1)- 
(4.4) is a free parameter it is not necessary to expand it in b (i.e. we can treat it as being 
6-independent). For generality we have done the computation of (4.28)-(4.30) for arbitrary 
values of the constants si, S2 which are used to parametrize in (C.9), i.e. 

B,^ = -\^^^±^[l + bv, + ^+0{b^)] , ^, = -l.,(l+g)-^ v,= hs2-l). 

% % Zi 4n 

(4.34) 

The antisymmetric tensors (4.3) and (4.3') coincide to this order and both have 

si = 3 + 4? , S2 = 1 + 4? • (4.34') 

Introducing the notation 

Ii = (2? + 1)^-1 , II = {2q + 1)2^-2 , /2 = q(q + 1)^-2 , 

I3 = lil2 = qiq+mq+l)z-^ , h = li = q\q+lfz-^ , 
and using (C.9)-(C.15) we get (6 = 2a') 

R - -H"^ + 2D'^(p = b[-{4 + 6q + 6qsi)z-^ + (6 + Qs2)q{q + l)z~^] + 0{b'^) , (4.35) 

^a'iRl^^.-GRH^ + ^HUHD^Hf-lD^H^] = ^b[16z-^ -16l2 + 80h-240h]+O{b^) , 

(4.36) 

e-^'t'H = 2i[l - hsiil + q)-^ + ^6(1 + sa)^"'] + 0{b^) , (4.37) 
^a'e-'^'^{2RH + 5H^) = 2ib{6l2 - h) + 0{b'^) , (4.38) 
R + 4D'^(l>-4{d((>f-^H'^ = -4 + 2b[-{q+ 1 + qsi)z-^ + {1 + S2)l2]z-^ + 0{b'^) , (4.39) 
\c^'{RU. - RH' - Ih') = 2b[z-' + 2l2 - 2/3] + 0{b') . (4.40) 
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We have fixed 0o so that e~'^'^°[q{q+ 1)]"^/^ = 1. Calculating (using the software package 
Mathematica) similar expansions in powers oil/z for P, F, Q in (4.31)-(4.33) and combin- 
ing them with (4.35)-(4.40) we have found that the leading-order terms in the conformal 
invariance equations (4.28), (4.29) and (4.30) take the following form 

= 2a' [ei(l + 2q)z-^ + 2e2^-^ + e^qiq + Vjz'^ + 2eAq^{q + ifz'^] + 0{a'^) , (4.41) 

pg = 2a'G''y/Ge^'*'d, [hz'^ + t2q{q + l)^"'] + 0{a''') , (4.42) 

P'^ = p^ - ^ 2/i3g(5 + l)z-^ + I2h^q\q + ifz-^] + 0{a'^) , (4.43) 
where 

ei = C2 — 12C4 -|- 16C8 , 62 = 14C4 — 16C8 + (—5 — C2 + 28c3 -h 154c4 — 3C5 

+12c6 - 32c7 - 176c8 - 3si)g + (-2 - C2 + 28c3 + 154c4 - 3c5 + 12c6 - 32c7 - 176c8)g^ , 
63 = 26 - C2 - 88c3 - 376c4 - 48c6 + 96c7 + 384c8 + 6*2 + (40 - 2c2 - 176c3 - 752c4 
-96c6 + 192c7 + 768c8)9 , 64 = -30 + C2 + 72c3 + 252c4 + 36c6 - 64c7 - 224c8 , 
= 6 + C2 - 12c4 - 16c6 - 16c8 + 2s2 + (8 + 2c2 - 24c4 - 32c6 - 32c8)9 , 
t2 = -24 - C2 + 12c3 + 42c4 + 24c6 + I6C7 + 56cs , 
h2 = -C2 + 24c4 - 32c8 + (2 - 6c2 + 40c3 + 236c4 - 2c5 + 8c6 - 64c7 - 352c8 - 2si)g 
+(4 - 6c2 + 40c3 + 236c4 - 2c5 + 8c6 - 64c7 - 352c8)9^ , 

/l3 = -1 -h C2 - 40C3 - 164C4 - 8C6 

+64c7 + 256c8 + S2 + (-4 + 2c2 - 8OC3 - 328c4 - IQcq + 128cr + 512c8)g , 

/i4 = IOC3 -|- 35C4 -|- 2C6 — I6C7 — 56C8 , 

p^ = ^iD-C) + a' + a'^ho + 0{a"') , ho = -C2 - , (4.44) 

where Cj are the scheme dependence parameters and si, S2 appear in H in (C.9). 
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The conformal invariance conditions 



ei = 62 = 63 = 64 = ti = t2 = = ^^3 = ^4 = 

(the equation ho = that determines the value of central charge will be discussed below) is 
a system of 9 equations, while the scheme ambiguity is represented only by 7 parameters. 
That is why the existence of a solution is non-trivial. For generic g 7^ 0, — 1 a solution 
exists only if S2 = 1 + 4^ which is the value corresponding to (4.3) (i.e. for the special 
value (B.5) of the parameter fx in (B.9),(B.15),(C.9),(C.10)) and is given by 

C2 = C4 = C8 = , C3 = C6 = J , C7 = |, C5 = ^ — — = -2 , (4.45) 

2 8 1 + q 

where we have finally set si to its value si = 40^ + 3 in (4.3). We conclude that there exists 
a 'conformal' scheme in which the background (4.1)-(4.3) is a solution of the conformal 
invariance equations (4.28)-(4.29) in the 2-loop approximation. Equivalently, a background 
which is related to (4.1)-(4.3) by the field redefinitions (4.21)-(4.24), (4.26), (4.27) with 
parameters given by (4.45) is a solution of the string equations in the scheme where the 
effective action has the form (4.17). The transformation that defines the 'conformal' scheme 
in terms of that of (4.17) is thus simply (05 = —2) 



= G^, + -a'if^, + olD'c\>G^, - 2a'{d<j)yG^, + 0{a") , (4.46) 



In (4.46) we have made use of the leading-order equation (4.20) and replaced H^G^^, by 
iif^j^. For ^ = eq.(4.46) is equivalent to the transformation in between the scheme 
("/i = 1") corresponding to (4.17) and the 'conformal' scheme ("/i = —1") in which 
the parallelizable space (e.g. a group space) is automatically a solution of the conformal 
invariance equations. Note that the solutions of the equations in the different schemes are 
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related by the inverse transformations, i.e. if G^^, is the solution in the scheme (4.45) then 
G'^j^ in (4.46) is the solution in the q = - scheme of (4.17). 

In particular, the background corresponding to the chiral gauged 5'L(2, IR) /IR WZNW 
model (which is the special case of (4.1)-(4.3) for q = —^(1 + b)) is also conformally 
invariant.0 In the two other special cases: q = (direct product of 5'L(2,IR)/IR gauged 
WZNW model and R) and g ^ oo, ^ ^ oo (5'L(2, R) WZNW model) we find the solutions 
for the following values of non- vanishing Ci 

q = : C2 = C4 = C8 = , ho = , (4.47) 

q = oo : 4c3 + 6c4 - C5 = 4 , ho = 2 . (4.48) 

Eq.(4.47) thus reproduces the known result about the 2-loop conformal invariance of the 
exact black hole background (which is true in the 'standard' or 'conformal' scheme) |2Cl[ j. 
Eq. (4.48) specifies the relation between the scheme of (4.17) and the scheme in which 
the 5'L(2,1R) group space is a solution of (3^ = 0. Using that for this group space (cf. 
(C.11),(C.13)) R = —6, = —4 we can put the corresponding redefinition of the metric 
into the form (cf. (4.46)) 

G'^. = G^, + a'icsH^ + C4R + cs)^^. + 0(a'') = G^, + ^a'Hf,, + Oia'^) . (4.46') 

4-4- Scheme dependence and the value of central charge 

The conditions of conformal invariance of the a-model = 0, = imply 



|5^|^2[[^ that /S"^ = /S"^ = Pq is a constant which is proportional to the central charge. 



It is natural to expect that the latter should be consistent with the conformal field theory 
expression. It is necessary, however, to note that the correspondence between the a-model 
and conformal field theory results may hold only in a specific 'conformal' scheme. 



A careful analysis of the system of the conformal invariance equations (4.43)-(4.45) in the 
limit q = —^+0{b) gives the following solution (which again exist only if S2 = 1 + 4q = —1 + 0(6) 
but is more general than (4.45) with q = — |): C2 = , C3 = ^ — |c4 , Ce = | , 07 = 
^ ]C8 , C5 = -2si. 



2" 
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As follows from (4. 39), (4. 44) the leading order form of (4.30) is satisfied if the value 
of the central charge is 



C = L> + 6a' + 0{a'^) = 3[1 + 2a' + 0{a'^)] . 

This is consistent with the value of the central charge of the [S'L(2,1R) x IR]/1R conformal 
field theory 

^=S^ = ' + 5 + i + ^(i5' = ''+fc^ = ' + ''"'' 

where we have used the relation a' = l/(/c — 2) in (4.4). This suggests that if a' = l/(/c — 2) 
all higher order 0{a''^) contributions to C should vanish in the 'conformal' scheme in which 
the whole expression for C should be given just by the 'one-loop' O(ct') contribution (4.49). 
According to (4. 44), (4. 45) the 0(a'^)-term in (4.48) has the form 

C = 3 + 6a' - 6^/2 l+^2g-gi ^ ^^^,3^ = 3 + ga' + 12a'^ + 0{a'^) , (4.50) 

where we have used that the value of si that corresponds to our background (4.3),(C.10) 
is si = 3 + 4^. This expression would be in perfect agreement with (4.49) if a' were equal 
to as in the semiclassical approximation. The conformal invariance of the cr-model 
holds of course for an arbitrary choice of the overall coefficient a'. However, since the 
a'-dependence of the background (4.1)-(4.3) was established by starting from the gauged 
WZNW effective action which led also to the 'shifted' value a' = l/(/c — 2) in (4.4) one 
would expect to reproduce the conformal field theory value of C (4.49) with such a' (as 
indeed was in the D = 2 black hole model [pO| ). 



This, in fact, is possible by noting that there is an additional freedom of rescaling B^^, 
(or its field strenght) by a constant factor (1 + 0{a')) that can be included in the field 
redefinition ambiguity (this is the analog of the transformation G'^^ = G^i, + a'c^G^^, + 
0(a'2) in (4.21), (4.26)) 

B'^u = B^. + acoB^, + 0(a'') . (4.51) 
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By the combined rescalings of G^,^ and B^,^ one can effectively rescale a'. As it is clear 
from (C.9),(C.10) the transformation (4.51) shifts the value of si to s[ — si — co(l + q) or 
C5 in (4.45) to c'^ — C5 + cq and thus ho in (4.44) to — C2 — C5 — cq. To have the zero '2-loop' 
term in C we thus need cq = — C5 or (since si = 4q' + 3) cq = 2. This is the expected result 
since, in general, it is clear that to change a' = l/{k — 2) into a' = 1/k one is to rescale 
Bp,i, by the factor k/{k — 2) = 1 + 6 = 1 + 2a' . The rescaled S^jy in (4.3) takes the simpler 
form 

= -W + 1 + h)Y'' [i±l - i±|] , = 1 + 2^ , 4 = 0. (4.52) 

In what follows wc shall use the present D — "i example to clarify further the crucial role of 
coupling redefinitions or scheme dependence in understanding a relation between confor- 
mal field theory and cr-model results. If the background (4.1)-(4.3) solves the conformal 
invariance conditions, the corresponding central charge or /J"^ = const may be computed 
at any point, e.g. at In ^ = 00. In this limit our background becomes a fiat space with 
linear dilaton (4.13). Assuming that higher order a'" contributions to ^S*^ are constructed 
in terms of the curvature R and H which vanish in this limit, one concludes that the exact 
value of C should be determined just by the 'one-loop' dilaton term, 

C = e^S"^ = 3 + 6a'(a(/))2 = 3 + 6a' . (4.53) 

This, in fact, gives the conformal field theory value for C (4.49) under the identification 
a' = l/{k — 2) in (4.4). This argument is true only in a special scheme in which there are 
no higher loop contributions to ^'^ on the fiat linear dilaton background. A priori such 
scheme need not necessarily be the one in which (4.1)-(4.3) is conformally invariant. The 
general redefinition of the metric (4.21) will induce, e.g., higher order O((50)") terms in 
which will not vanish on the linear dilaton background and will thus shift the value 
of C. For example, the 2-loop shift in C (4.44) is expressed in terms of the coefficients 
C2,C5 of the dilatonic (50)^ terms in G'^^^. In fact, consider the asymptotic large distance 
form of the redefinitions (4. 21), (4. 24) 

G'^J^l, = + olici^^a^^i -I- c^G^,,) , S^^, = B^^ , 0' = -|- a'diz , (4.54) 
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where we have made use of (4.13). As a result of (4.54) we get a shift in the overaU scale 
of the metric, G'22 = 1 + a'(c2 + C5) so that the one-loop expression (4.53) now produces 
a two-loop correction to C 

C = e/?"^ = 3 + 6a'G'"'^a^(/)a^(/) = 3 + 6a' - 6a'2(c2 + C5) + 0{a^) . (4.55) 

The above redefinition amounts to a constant rescaling of (the relevant component of) the 
metric, or to an effective redefinition of a' . 

We conclude that the fact that the total contribution to C comes just from the one-loop 
correction is scheme-dependent, i.e. is true only in a specific scheme. Another illustration 
of this point can be given on the example of the WZNW theory or the group space cr- 
model . This case is 'complementary' to the gauged WZNW or 'coset' cr-model one where 
the derivatives of G^j^ and B^jj are decreasing with distance while that of the dilaton 
is approaching a constant: for the group space the derivative of the dilaton is zero but 
R = const, H = const so that C is expected to receive contributions to all orders in a' . In 
fact, identifying a' with 1/k and computing (3'^ in the same scheme in which the two-loop 
(3^ and /3^-functions naturally vanish, one correctly reproduces |24] the (l//c)^-term in 
the standard conformal field theory expression for C, 



kD 

C = D -a'R + a'^R^D-^ + 0(a'^) = , R = Dga , a' = l/k. (4.56) 

This can be also seen directly from (4.28) (with P = 0) in the S'L(2,1R) group manifold 
case {D = 3, R^i, = ^RG^i, = = \H'^G^jy). At the same time, it is possible in 

principle to find such a 'non-standard' scheme in which the full contribution to C comes 
just from the one-loop 0{a'H^) term in (4.20), 



C = D + Ga'i-lo'cp + {dcj^f - ^Hl^^] =D-a'R = D- . (4.57) 



with all higher-order contributions being now 'hidden' in the H^-term. This happens if one 
rescales both the metric and the antisymmetric tensor G'^^ = {K/k)G^^, B'^^^ = {K/k)B^^j, 
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i.e. effectively replaces a' = l//c by If one starts with the effective action of the 



WZNW model [15| where one has k as an overall coefficient, one is to use such a scheme in 
order to reproduce the standard expression for C.lll Since the group space is a particular 
limit of our D = 3 background (4.1)-(4.3) this explains also why we need to rescale 5^,^ 
(4.51) in order to reproduce the correct expression for C under the identification of a' with 



5. Semiclassical background as an exact solution of conformal invariance equa- 
tions 



As is well known, there exists a 'standard' scheme ||2^ in which the 'semiclassical' 
(ct'-independent) group space background of the WZNW model remains the solution of the 
conformal invariance equations at each order in a' expansion (in such a scheme a' = 1/k 
and the central charge C receives corrections of all orders in a'). Similar statement is 



true for the S'L(2,IR)/IR black hole model [^^: there exists a 'non-standard' scheme in 



which the semiclassical background is an exact solution. This follows from the fact 
that the exact 'black hole' background (that solves the conformal invariance equations 
in a 'standard' scheme is related to the leading-order one by a local, covariant 



Such a rescaling of B^^ would be unnecessary if the semiclassical expression for Bfj,„ (B.9') 
or (4.3'),(B.17') were 'truly semiclassical' being multiplied by k and not by fc + go in the cr-model 
action, i.e. contained an extra factor of 1 + 6. 

A scheme in which C receives only the one-loop contribution may look natural from the 
conformal field theory point of view where the renormalization of k originates from normal ordering 



and so is effectively 'one-loop'. The above observations seem to resolve the puzzle discussed in [45|. 
On one hand, the exact current algebra result for C in the (1,1) supersymmetric WZNW model 
contains just one 1/k correction, C = D{k — gG)/(K — gc) = D{1 — gc/k). On the other hand, 
there is no reason to expect that four and higher loop contributions to the cr-model /^-functions 
and thus to fS'^ should vanish in general in this model (see [45| and references there). The paradox 



disappears once one notes that the correspondence between the conformal field theory and cr- 
model results should hold only in a particular scheme; there exists such a scheme in which the 
whole contribution to C = 6/3"^ comes just from the one-loop term. 
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and background-independent field redefinition. Given that the SL(2,JR) group space and 
the 'neutral black string' are the two particular limits {q = oo and q = 0) of our general 
background it is natural to ask if there exists such a scheme in which the semiclassical 
limit of the background (4.1)-(4.3) 

^^2^_£ — ^ + ^ — —dx'^ + — -, p = ^o-Jln2, (5.1) 

z z 4{z - qo ~ l){z - qo) 2 

= -M*±2)l!^! , (5.2) 

z 

is an exact solution of the conformal invariance equations for arbitrary qo. As we shall 
show below, this is indeed the case in the 2-loop approximation.lll 

To establish the form of the corresponding 2-loop conformal invariance equations 
(4.28)-(4.30) one is to omit the contributions in (4. 35), (4. 37), (4. 39) which came from the 
a'-dependence of the background (4.1)-(4.3). As a result, the constants in (4.41)-(4.43) 
change by some Ci-independent numbers. Setting (combinations of) these constants to zero 
gives the following system of 9 equations (now of course si = S2 = 0) 

C2 - 12C4 + 16c8 = , 2 + 14C4 - 16c8 + (-2 -C2 + 28C3 + 154C4 - 3C5 

+12c6 - 32c7 - 176c8)?o + (-2 - C2 + 28cs + 154c4 - 3c5 + 12cq - ?,2cj - 176c8)go = ^ 
20 - C2 - 88c3 - 376c4 - 48c6 + 96c7 -f 384c8 = , 
-30 + C2 + 72c3 + 252c4 + 36c6 - Uc-r - 22Acs = , 
4 + C2 - 12c4 - 16c6 - 16c8 = , -24 - C2 + 12c3 + 42c4 + 24c6 + I6C7 + 56c8 ^ , 
2 - C2 + 24c4 - 32c8 + (4 - 6c2 + 40c3 -f 236c4 - 2c^ ^ Sc^ - 64c7 - 352c8)qo 
-|-(4 - 6c2 + 40c3 + 236c4 - 2c^ -f 8c6 - 64c7 - 352c8)qo = > 
-2 + C2 - 40c3 - 164c4 - 8c6 + 64c7 + 256c8 = , IOC3 + 35c4 + 2c6 - I6C7 - 56c8 = , 



A different argument suggesting tfiat there sfioufd exist a scheme in wfiich tfie semicfassical 



background in a refated D = 3 model is exact to all orders was recently given in |48]. 
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with the general solution (cf.(4.45)) 

3 1 , , 

C2 = -2 , C3 = 1 , C4 = C5 = C6 = , C7 = — , = - . (5.3) 

We also get the correct 2-loop contribution to the central charge [ho = —2 in (4.44), 
cf.(4.49)) with the choice of a' = 1/k appropriate for a semiclassical background. The 
redefinition (cf. (4.46)) 

G'^. = G^, - 2a'd^<pd,<P + ^a'Hl, + 0{a'^) , (5.4) 

5;, = S^. + 0(a'2) , ^' = ^+}_a'Hl,^ + ^a'R + 0{a''). (5.5) 

that relates the 'non-standard' scheme (5.3) to the scheme of (4.17) is similar to the 
one found in the D = 2 black hole case in [^^. In particular, (5.4) contains the term 
—2a'd^(pd^(p that can be related to a non-trivial derivative term in the determinant 
||3^ resulting from the integration over the gauge fields in the gauged WZNW model. 

The existence of the schemes (4.45) and (5.3) in which both the exact (4.1)-(4.3) and 
semiclassical (5.1), (5. 2) backgrounds are solutions of the conformal invariance equations 
implies that these two backgrounds are related by a local field redefinition (which is found 
explicitly by combining (4.46) with (5. 4), (5. 5) and also taking into account a coordinate 
transformation involved). It is thus very likely that the full a'-dependence of the exact 
background (4.1)-(4.3) can be generated by a local field redefinition of the semiclassical 
background (5.1), (5. 2). 

This does not, however, imply, that it is the semiclassical and not the exact background 
that has a direct physical interpretation. The reason is that the 'conformal' or 'standard' 
scheme associated with the exact background is more directly related to the corresponding 
conformal field theory. In particular, the equations for the perturbations of the background 
(e.g. the tachyonic equation) have simple forms only in the 'conformal' scheme and become 

Any background related to (4.1)-(4.3) or (5.1), (5. 2) by a local field redefinition will also 
represent a solution of the 2-loop conformal invariance equations in a particular scheme. 
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complicated in a 'non-standard' one, i.e. after the field redefinition that transforms the 
exact background into the semiclassical one [^^. The propagation of a first-quantized 
string in a given background is described by the Klein- Gordon- type equations for the 
string modes, i.e. by the equations for the states 

(Lq + Lo)tpri = Nntpn , (5-6) 

of the corresponding conformal field theory. The stress tensor or the operator Lq of 
the conformal theory can be considered as a functional of the background fields = 
(G^i,, -B^i., 0, . . .). Its structure is fixed in a given theory and does not depend on par- 
ticular identification of the background fields. Namely, the equations (5.6) (and hence 
their solutions i/'^) do not change under redefinitions of However, the form of their 
representation in terms of the background fields does depend on a particular choice 
of That is why one should be careful to take into account the scheme dependence 
in comparing the conformal field theory and cr-model results. For example, (5.6) should 
correspond to the linearized terms in the corresponding /3-function equations. The latter 
are scheme dependent and so the agreement is possible only in a particular scheme. 

Let us illustrate the above remarks on the example of the tachyon /3-function equation 

P'^ = -'yT + W^df,T -2T , (5.7) 

7 = ^a'n^^D^D, + ... , W^ = a'd^ct) ^ M^{G, H) , (5.8) 

= + a'Zii?^^ + a'kH'^^"' + 0{a'^) . (5.9) 

Dots in 7 stand for higher derivative terms which are absent in the 2-loop approximation 
we shall consider below. and Q^'^ do not depend on in a 'standard' class of schemes. 
In the dimensional regularisation/minimal subtraction scheme li = [|5^[^; ^2 = 5 in the 



scheme of (4.17) (this value can be found from the linear term in the dilaton /3-function in 
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||24|| ). In the 'standard' scheme for the group space which is related to the scheme of (4.17) 
by (4.46') one thiis has |^ I2 = —\-, i.e. for the S'L(2, M) group space with a' — 1/k 

a'n^'' = a' IG^" - -a'H^^''' + 0(a'^)] = hi + ^ + 0(^)]G^'' = -^G^'' . (5.10) 
'- 4 k k k^ k — 2 

This relation is true (in the 'standard' scheme) to all orders for a general WZNW model 
||5^ . In the scheme (4.45), (4.46) that corresponds to the exact background (4.1)-(4.3) we 
find 

n^'' = G^" - c^a'G^'' + 0(a'2) . (5.II) 

With a' = 1/k and C5 = —2 we reproduce the expression (5.10). If a' = 1/k and one 
rescales B^j^^, as in (4.52) (i.e. C5 = 0) then one finds (as in the case of the central charge) 
that the exact result 7 = -^D^ is obtained already in the one-loop approximation. We con- 
clude that the exact background corresponds to the scheme in which the tachyon equation 
has the same simple form as in the coset conformal field theory. 

At the same time, making the redefinition (5.4) which relates the scheme of (4.17) to 
the 'non-standard' scheme where the semiclassical background is the solution, we find that 
in the latter scheme 

= G^"" -f 2a'D^(i)D''(t) - ^a'H^'"' + 0{a'^) . (5.12) 

Being computed on the relevant background (5.1), (5. 2) the resulting tachyon equation (5.7) 
is of course the same as the one in the 'standard' scheme or (5.6); however, its form in 
terms of the semiclassical background fields is non-standard. 

The lesson that can be drawn from the above discussion (see also [^) is that in string 
theory it is not sufficient just to find the expression for a few non- vanishing background 
fields that solve the conformal invariance equations in a particular scheme. One is also to 
specify how the equations for the propagation of a first-quantized string (i.e. the equations 
for the marginal perturbations of the background) look like in that scheme. The answer 
to the latter question is simplified if it is known which conformal field theory corresponds 
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to a given solution of the string effective equations, i.e. to a given conformal sigma model. 
In that case a preferred or a 'standard' scheme is the one in which the equations for 
perturbations take a simple canonical form when expressed in terms of background fields. 



As demonstrated in and in this paper, the background fields which correspond 

to the coset conformal models in the a' —>■ limit and which solve the all-order confor- 
mal invariance equations in the 'standard' scheme are non-trivial functions of a' . It still 
remains to be explained on general grounds why there should exist a scheme in which 
the semiclassical background is also a solution, i.e. why the a'-dependence of the exact 
background can be generated from the semiclassical background by a local covariant field 
redefinition. An obvious indication that this may be the case is the quadratic dependence 
of the classical gauged WZNW action (2.1) on the gauge field suggesting that there may 
exist a scheme in which the naive gaussian integral over A, A gives the exact answer .111 
Such an argument does not, however, explain why the tachyon and similar higher-mode 
equations should have a non-canonical form in this 'semiclassical' scheme. 
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The quantum gauged WZNW theory (2.4) on the full configuration space g, h, h is obviously 
conformally invariant being a combination of the ungauged WZNW models. The corresponding 
'standard' scheme is the same as in the WZNW model case. When one integrates out the gauge 
fields (or h, h) remaining in this 'standard' scheme then to maintain the conformal invariance the 
(T- model couplings become a'-dependent (and the dilaton coupling is induced). Preserving the 
'semiclassical' form of the cr-model couplings corresponds to switching to a non-trivial 'semiclas- 
sical' scheme. 
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Appendix A. Theorem on the measure factor (|3.17|) 

Below we shall prove the validity of the relation (|3.17| ) for arbitrary values of the 



parameters a, b and b in (|3.5| ). We shall essentially follow the procedure used in [|T^ in the 
particular case of the chiral gauged WZNW model. Let us rewrite the exact metric ( |2.24| ) 
in the following way 

Gmn = GqmkG^ N , (A.l) 
where Gqmk was defined in ( p.26| ) and 

G^AT = S'^N + {V-^N^)ab{E''''E% + E^^E''') - b{V-^)abE'''' E% - 6(y-i)„f,E"^E^ 

sK I oa' K ob' 

— N + (-'a'b'J : 

(A.2) 

where S^^ = {EI^^EI^j) and the 2dimif x 2dimif dimensional symmetric matrix {Ca'b') 
is defined as 

[Ga'b'} - ^y-ijv -bV-^ ) ■ ^^-^^ 
In order to compute det Gmn we need det G^ n. We have 

det G'^N = det [S'' n + Ca'b'S''' S'i,) = det [i^a'b' + Ca'c' S''' S, 



det 



b'M) 

I - {N^C + bl) V"^ {N^ + bC^) 
V-^ {N + bC) I- {NC^ + bl) 



(V-^ \ /(a-l)iV^-6(6+l)/ N^ + bC^ 
- clet Q y-ij 1^ N + bC (a-l)iV-6(6+l) 

= A^i"^^ ( det V-^f det (^^J^ ^^^^ = A^^'"^ det , 

(A.4) 

where A = (a — 1)^ — (6 + 1) (6+1). The Haar measure for the group G is given by 



a/ det Gqmn where Gqmn is the Killing metric in ( |2.26D . Therefore, by using ( |A.1D , ( [A.4| ) 



and ( |2.27| ) one establishes the validity of the theorem ( p.l7| ) for arbitrary values of the 
parameters a, b and b (including the special ones in ( |3.6|) ). 

The case of the gauged WZNW model in ( |3.6| ) is special: the above derivation formally 
breaks down since the metric Gmn ( |2.24]) is degenerate (has dimif null Killing vectors, 
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see ( p.31| )) as a consequence of gauge invariance. This is also clear from (A. 4): in this case 
A = and its power dimiiZ" in (A. 4) is the dimension of the null vector space of Gmn- 
Defining det Gmn by projecting out the zero modes by a gauge condition one obtains 
( P7|) with the measure on G replaced by the group-invariant measure \J det [Ej^^Elrjij) 
on G/H (see for instance 0). 



Appendix B. Exact background corresponding to the [5'L(2,1R) x IR]/1R gauged 
WZNW model 

Below we shall derive the exact cr-model couplings for the 'charged black string' model 
. The present case with non-simple group G = SL{2, IR) x IR needs a special treatment 
in what concerns the antisymmetric tensor coupling: the general expression (2.25) derived 
for a simple G does not apply. To get a background that solves the (2-loop) conformal 
invariance conditions it turns out to be necessary to take into account an ambiguity present 
in the extraction of the local antisymmetric tensor part of the cr-model action from the 
effective action of the gauged WZNW model. 

We shall use the following parametrisation for the SL{2, IR) group element 

Taking A, A to be in the axial subgroup generated by ^a2, the classical gauged WZNW 
action (2.1) can be represented in the formS 

S{g,A) = kIig,A) = ^ [ d^z[ Loir.eL.en) - AJ - Aj - {C + 1 + 2qo)AA] , (S.2) 
Lo = ^{drdr - dOLdOL - dORdOR - 2C BeLdOR) , 



The normalisation for the trace of the square of the generators we use below differs by a 
factor of 2 from that used in Sections 2 and 3. As a result, the relation between a' and k = k — 2 
we get here and use in Section 4 is a' = 1/k and not a' = 2/k as in (2.23) or (3.13). 
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C = C{r) =coshr , J = deL + CdeR, J = deR + CdeL. 
We have added the term 

-kir j (fz{dy + pA){dy + pA) , go = 

with an extra scalar degree of freedom y coupled to A, A and then gauged it away (p is 
the free parameter of embedding of the subgroup). The action in (B.2) is thus written 
already in a particular gauge (y = 0). The effective action is found in the similar way as 
in (2.5)-(2.9) and up to a total derivative is given by 

T{g, A) = ^ J £z[Lo-AJ-Aj-{C + l + 2q + b)AA+ \hA^A + ^M^i ] , (S.3) 
l + 2g + 6= (l + 6)(l + 2go) , q = qo{l + h), 1 + 6=- ^ 



K k-2 

The coefficient k of the extra scalar term is not renormalized since the subgroup is abelian 
so that in the combined expression qq is replaced by q = qok/K = qo{l + b). Using the 
notation ( p.lO|) we can rewrite (B.4) in the following form 

r(^, A) = — [ d^z [ Lo - AJ - AJ - {C + 1 + 2q)AA 
2tt J 

-h{A- A){A -A) - \ph {AA - il) ] , [BA) 

where we have put the quantum 0{h) term in the manifestly gauge-invariant form (cf. 
(2.9)) and also included also a total derivative term with a constant coefficient p. The 
gauge-invariant form of this latter term (before fixing y = as a gauge) is 

-^[{dy + pA) {By + pA) - (dy + pA) {By + pA)] . 

Such term does not change anything at the level of the full effective action but will influence 
the expression for the antisymmetric tensor term in the local part of (B.6) derived under a 
specific prescription (see Section 2) of how to drop out the non-local terms in the process 
of elimination of A, A. 
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One can think that the role of this total derivative term is to account for the fact 
that part of the qAA term is to be taken in the 'symmetrised' |(^^ + AA) form since it 
originates from an 'extra' IR-part of the full gauged WZNW action. This suggests that the 
coefficient fi should be proportional to qq. In fact, a natural choice seems to be 

^i = ~2qo = -2q{l + b)-^ , (S.5) 

since in this case the local part of (B.4) takes the same form as the classical action (B.2) 
(with k replaced by k) 

T{g, A) = ^ [ dh[Lo-AJ-Aj-{C + l + 2qo)AA 
Ztt J 

+ 2qo)b (A - I) (A - i) - qobiAA + AA)]. (S.6) 

This was the property of the effective action in the case of the simple group G (see (2.14)) 
and one may try to preserve it in the semi-simple case as well. The choice (B.5) is distin- 
guished also by the fact that for qo = the effective action (B.6) of the [SL{2, IR) x IR]/1R 
gauged WZNW model automatically reduces to the effective action (3. 3), (3. 5) of the 



S'L(2,1R)/1R chiral gauged WZNW model in agreement with the general statement ^8 
about the equivalence of the two models. This equivalence is proved at the level of the 
full non-local effective actions and thus it implies the equivalence of the resulting local 
cT-model actions provided that consistent prescriptions for their derivation are used. Cor- 
respondence with the chiral gauged WZNW model is an important consistency check: first, 
this model must definitely be conformal invariant since its action can be expressed as a 
combination of the WZNW actions (3. 2), (3. 3), and, second, its effective action does not 
contain the quantum AA-term and thus the determination of B^^, is unambiguous. As 
shown in Section 4, the cr-model background fields that correspond to (B.4) with /i given 
by (B.5) solve the 2-loop conformal invariance equations. 

Starting with (B.6) and using the 'corrected' prescription of Section 2, i.e. solving 
the equations for A, A as in (2.15)-(2.17) (note that the total derivative /U-term does not 
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influence the equations of motion) and substituting the solution back into the action (B.4) 
we get the foUowing cr-model action in terms of the coordinates — (r, 9, 9) (for generahty 
we keep the value of in (B.4) arbitrary) 

S{r, 0,9)='^ J d^zlGf^^dx^Bx" + 3^^(8989 - 8989)] , (S.7) 
ds^ = G,.dx^dx^ = \dr^ + (1 + , + b)^^^^^^d9- - .^f^c^^-^ , (5.8) 

(j) = (j)o-^ln[{C + l + 2q){C + l + 2q + 2b)] . (S.IO) 

As expected, the parameter fj, appears only in the expression for the antisymmetric tensor 
(dependence on fi disappears of course in the classical limit 6 = 0). Note that in the limit 
q = the model (B.7)-(B.10) reduces to the direct product of the S'L(2,1R)/1R and IR as 
it should {9 decouples in (B.8) but this is a gauge artifact that can be avoided by first 
rescaling 9 and then taking the limit). 

Eq. (B.9) considered formally for arbitrary values of n has several special cases. When 
|U = in (B.4), i.e. when the effective action is taken in the same form as in (2.14) we get 
the analog of (2.25)0 

_ 2q{q + l) 

- -cTTTYq ■ ^^-^^^ 

Another special case is /U = 1. In this case (B.6) is exactly equal to the 'naive' form of the 
effective action (B.3) (as in (3.8)-(3.12)). The resulting expression for B^^, 

q{q + l) {q + b){q + l + b) 
^oe- c+l + 2q C + l + 2q + 2b ' ^ ' 



This expression found in using a manifestly gauge-inavriant prescription does not repre- 
sent a conformally invariant background (cf. Section 4). Note that since in the present case the 
group G is not simple, eq. (B.ll) does contain quantum corrections even though the subgroup 
here is one-dimensional ((B.ll) is the same Bfj^i, that follows simply from the classical action (B.2) 
but with qo replaced by q) . 
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is the same one that one finds (after gauge fixing) from the analog of (3.15) in the axial 
subgroup case. For q'o = — |, Q = —^{^ + b) (B.12) gives B^j^^ in the 5'L(2,1R)/1R chiral 
gauged WZNW model. 

The expression for the exact antisymmetric tensor coupling of the [SL{2, IR) x 1R]/1R 
gauged WZNW model that corresponds to // in (B.5) is 

2q{q + l + b) r q + 1 q + b . 

(1 + 6) ^C + l + 2q C + 1 + 2Q + 26J- ^ > 

When (Jo = — ^ (i.e. /i = 1) not only the exact metric (B.8) and the dilaton (B.IO) but 
also the exact antisymmetric tensor (B.13) of the [SL{2, IR) x IR]/IR gauged WZNW model 
coincide with the background fields of the SL{2, 1R)/1R chiral gauged WZNW model.il The 
expression (B.13) vanishes for g = and in the SL{2, IR) group space limit q^ go reduces 
to the correct result B^g = ^C. The background (B.8), (B.IO), (B.13) thus consistently 
includes (as special cases for Qo = 0, — ^, oo) other known D = 3 exact conformally invariant 
backgrounds. 

If one uses the 'semiclassical' prescription for computing the antisymmetric tensor one 
finds that parity-even quantum term in (B.6) does not produce a quantum correction to 
the antisymmetric tensor, i.e. the latter is given by 

2go(go + l) ^ 2q{q + l + b) 

ee c+l + 2qo (1 + 6)[(1 + 6)(C + 1) + 2g] ' ^ ' ' 

Introducing the new coordinates z, i, x 

2z = C + l + 2q, it = {1 + b + qy/^e , ix = -q^/^O , (B.U) 

we find that the metric (B.8) and the dilaton (B.IO) take the form (4.1) and (4.3) while 
the antisymmetric tensor Btx corresponding to (B.9) becomes 

Six = - + ^ , (S.15) 

z z + b 



That this is not the case for (B.ll), i.e. for ^ = was a puzzle in [17 
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or for the value of // in (B.5) 

1 + 6 ^ z z + b-' 

The semiclassical expression (B.9') for the antisymmetric tensor in the coordinates (B.14) 
is given by 

^'^--{i+bm+b)z-bq] ■ ^^-^^^ 



Appendix C. Geometrical objects for the exact 'black string' D = 3 background 

Below we present the results of computation of some geometrical quantities for the 
background (4.1)-(4.3) and their expansion in b which were found found using GRG com- 
puter algebra system fS^.S All indices below are with respect to the local vierbein 



corre- 
sponding to the metric (4.1) (with the flat metric being (— 1,+1,+1)). 

The exact expressions for the non-vanishing components of the Ricci tensor and cur- 
vature scalar are 

Roo = {l + q + b){qb + 4qz + bz-2z^)[zib + zf]-^ , {C.l) 

R^^ = -q(^3b + 3qb + 4:Z + Aqz - bz - 2z^)[z'^{b + z)]~^ , (C.2) 

i?22 = (-3^6^ - 3q^b'^ - 6qbz - QqHz + 2qb^z - Qqz"^ 
-Gq'^z^ -bz^ -b^z^ + 2z^ +4qz^ + 2bz^)[z^{b + zf]-^ , (C.3) 
R = 2{-3qb'^ - 3qH'^ - Iqbz - 7qHz + qb'^z - 7qz^ 
-7q'^z^ -bz^ -qbz^ -b'^z^ + 2z^ +4qz^ + 2bz^)[z^{b + z)^]-^ . (C.4) 
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The vierbein components of the second covariant derivative of the dilaton are 

DoDo(f>=~{l + q + b){q-z){b + 2z)[z{b + zf]-^ , (C.5) 

D^Dicl)=^qil + q-z){b + 2z)[z''ib + z)]-^ , (C.6) 
D2D2(t> ^\{iQ- z)4b + z){b + 2z) + {l + q- z) [z{b + z){b + 2z) 

-4{q - z)z{b + z) + 2{q -z){b + 2zf]][z^{b + zf]'^ , {C.7) 

so that 

D^(j) = -^(-3g6^ - 3qH'^ - 8qbz - Sq'^bz + b^z + 2qb^z - 8qz^ - 8q^z^ + 2bz^ 
+4qbz'^ + b'^z^ + 4^^ + 8qz^ + Abz^)[z'^{b + zf]'^ . 

Also, 

{D^4>f = [(-1 -q + z){-q + z){b + 2zf][iz\b + zf]-^ . 

Computing the field strength for S^j^ in (B.15),(B.17) we get for the scalar H (we use the 
metric with euclidean signature) 

Its expansion in powers of b can be represented as (since q^ is a free parameter we can 
treat q as being 6-independent) 

iy2 = _4^(^ + i)^-2[i _ ^5^(1 + + bs2Z-^] + 0(6^) , (C.9) 

si = l-//(2?+ 1)5-1= 4^ + 3 + 0(6) , S2 = l-2/x = 45+l + 0(6) . (C.IO) 
The form of the expansions to the first order in b is (for ji = —2q + 0{b)) 

R = A(2q+l)z-'^-Uq(q+l)z-^+b[4z-'^ + (-10-18q)z-^ + Uq(q+l)z-^]+O(b'^) , (C.ll) 

D'^4> = -2{2q+l)z-^+4q{q+l)z-'^+b[-2z-''+3{2q+l)z-'^ -4q{q+l)z-^]+0{b'^) , (C.12) 
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= -Aq{q + 1)^-^ + h[Aq{Aq + 3)^-^ - Aq{q + 1)(1 + Aq)z-^] + 0(6^) , (C.13) 
= l-(25+l)z-^ + g(g+l)z-2 + 6[-z-i + (2g+l)^-2-g(g+l)z-3] + 0(62) . (C.14) 
To the leading order He~'^'^ — const and 

= 16z-^ + 32q(q + l)z-^ - A8q(q + l)(2q + l)z-^ + 76q^{q + ifz'^ + 0{h) . (C.15) 
It is possible to show that for any number p (note that (j) — (po — ^ In ^ + 0(6)) 

D^zP = z^lAp^ - Ap{p - l){2q + 1)^"^ + Ap{p - 2)q{q + l)^-^] + 0{h) , (ai6) 

where D'^ = ^a^(G^^VGa^). 
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